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O ■ Abstract 
(N 

The construction of type II Backlund transformation for the sine-Gordon and the 
<D • Tzitzeica-Bullough-Dodd models are obtained from gauge transformation. An infinite 

Q . number of conserved quantities are constructed from the defect matrices. This guar- 

I antees that the introduction of type II defects for these models does not spoil their 

integrability. In particular, modified energy and momentum are derived and compared 
with those presented in recent literature. 

h- H ■ 

1 Introduction 

^ . Integrable defects have been introduced some time ago [1] from the Lagrangian point of view 
G^ ! which, from the conservation of energy and momentum, lead to the derivation of Backlund 
^ I transformations. Many examples like the sine-Gordon, mKdV, nonlinear Schrodinger, An^- 
Toda equations, were explicitly developed [2], [3]. As a characteristic of these models only 
physical fields were present within the formulation and the associated Backlund transfor- 
mations were called type I [4]. The construction of type-I Backlund transformation for the 
sine-Gordon and for the non-linear Schrodinger models through gauge transformations were 
also employed in [5], [6] respectively. 

More recently in ref. [4] an extension of the method employed in [2], [3] was proposed by 
^ ■ introducing an auxiliary field and the associated Backlund transformation were named type 
^ II [4]. Examples of type II Backlund transformations were explicitly derived in ref. [4] for 

the sine-Gordon and for the Tzitzeica-BuUough-Dodd models by imposing conservation of 
the modified energy and momentum by a defect. It is worth to note that for the supersym- 
metric extensions of sine-Gordon model [7], [8] and Thirring models [9], [10] the introduction 
of auxiliary fields also appeared. 

The purpose of the present investigation is to derive the type II Backlund transformations 
via gauge transformations. The choice of such gauge transformations naturally introduces 
the auxiliary fields. Here we consider the sine-Gordon and Tzitzeica-Bullough-Dodd models. 
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In the specific case of tlie sine-Gordon model, by a particular limiting procedure, we can 
reduce the type II Backlund transformation to the usual type I. 

The problem we address consists in relating two distinct solutions of the linear problem 
and given by 

= -ylf = -AL'^^^'^), A; = 1,2, (1.1) 

where A^-* are Lie algebra valued functionals of the field ip^- In eq. (1.1) we have introduced 
the light cone coordinates x± = |(t ± x) with derivatives d± — dt± d^, and — — d^. 
Under the gauge transformation 

d±K = - A^l'^K, (1.2) 

the linear problem (1.1) implies = K^^^\ This matrix K is commonly called defect 
matrix and induces relations between two different field configurations (fi and (p2, which are 
expected to correspond to the Backlund transformations. 

Based upon the gauge transformation (1.2), we construct type II Backlund transforma- 
tions connecting two field configurations for the explicit examples of the sine-Gordon and 
Tzitzeica-Bullough-Dodd models. 

In section 2 we construct gauge transformations leading to type II Backlund transforma- 
tions for the sine-Gordon model. Apart from rederiving the type II Backlund transformation 
of ref. [4] we obtain a second solution and observed that, in fact it corresponds to the sym- 
metry ip — )■ —(f of the sine-Gordon equation. By a suitable limiting procedure, the system of 
type II Backlund equations can be reduced to type I. In section 3 we consider the Tzitzeica- 
BuUough-Dodd model and show that the gauge transformation generates a set of equations 
that decouples into three subsets. One of which is solved and shown to correspond to the 
Backlund transformation derived in [13]. A further change of variables shows that these 
equations reduce to those found in [4]. In subsection 4.1 we employ the formalism of ref. [11] 
for type II defect matrix K to construct an infinite number of conserved quantities for the 
sine-Gordon model in the presence of such defect. In particular, we give explicit expressions 
for the defect energy and momentum. By analysing specific combinations of defect contri- 
butions for the conserved quantities we made contact with the defect Lagrangian of ref. [4] . 
In subsection 4.2 we discuss the conservation laws for the Tzitzeica-Bullough-Dodd model 
involving 3x3 matrices, and extend the formalism of ref. [11] to the Tzitzeica-Bullough- 
Dodd model in the presence of type II defect. We also have an infinite number of conserved 
quantities for this kind of defect. In particular, we obtain the defect energy and momentum 
and compare with the defect Lagrangian of ref. [4] . 



2 The sine-Gordon model 



For the sine-Gordon model we have 



and A is the spectral parameter. Consider a gauge transformation with the following form 
for the matrix, 



Let (pi and ip2 be two distinct field configuration. By introducing variables 



P 



^1 - '^2 



(2.2) 



(2.3) 



we find from (1.2) and (2.2) that equations for the matrices q;,/3 and 7 can be grouped into 
two subsets: 

(i) The first one involves an, q;22, /9i2, /52i, 7ii, 722 and leads to 



an = ane 2^, 



722 = Cue 



"22 = Oiie2% 7ii = Ciie2^ 
Parametrizing in terms of an auxiliary field A, 

^21 = &2ie-'^ei^ 

we find for the equations involving 9+q;ii, 9_7ii, 9+/32i and d-^i\ respectively, 

id^q = ^(62ie-'^e^^' + e-tf^i2), 
id.q = _-iIL(e|p^^, + ?,,^e-'^), 

ZCii 

ia^A = _^e-V^(e*''-e-^''), 



26. 



'21 



^5-(A-p) = ^e^^e^^-e-^^), 



2h 



together with 



'21 



5+/5i2 = -^a+p/3i2 + ^e^^(e^''-e-^), 
5-/5i2 = ^a_pA2-^e-t^(e^«-e-^«). 



A solution for (2.7) compatible with (2.6) is found to be 



12 = -^e 2 



where is an arbitrary constant. Therefore 



K = 



e 2 - ^ciie2 



i62ie-^^ef 



e*^ + e-"^ + r7), 



2^621 e^^ e-^ (e^9 + 6"^^ + 77) 



1£ 1 _H 

6 2 - i^ciie 2 



(2.4) 



(2.5) 



(2.6) 



(2.7) 



(2.8) 



(2.9) 



where we have chosen an = 1. 



For Cii = and in the limiting case where A = iA, with A constant, for large rj, A, and 
small 621 limit we find 



6216-*^ = B, 6216^^ ^ 0, 
where S is a finite constant. Then, we obtain 



(2.10) 



K 



— 13. 

e 2 



1 D ^ 



e 2 



(2.11) 



This has the structure of type I Backlund transformation [1]. In the limit specified in (2.10) 
eqs. (2.6) reduces to 



m 



d-p — — — sin(g), d+q — mB sin(p). 



B 

Now, by introducing a = — ^ = and using eq. (2.10), the equation (2.6) becomes (with 
On = 1), 



(2.12) 



id^p-A) = !^e^A(^.,_g-.,)^ 

id+A = -^e-'^P'^\e''^ -e-"'), 

id^q = ^(e'^(e'« + e-'^ + r^) -4e-'^), 

id+q = ^{e-'^-^\e"' + e-"' + ri)-Ae'^-^^), 



(2.13) 



and the expression for K in eq. (2.9) takes the form 



K = 



— 13. 

e 2 



e 2 



1 „iA 



2(<tA) 



e e 2 6 



r/) 



(<tA) 



2 — iA S 



12 

e 2 



(<tA) 



1 _1£ 

-^e 2 



(2.14) 



By cross- differentiating the last two equations in (2.13), we find that if the field ^pi satisfies 
the sine-Gordon equation 



9t^- = -m sm ip, 



(2.15) 



then the field (f2 also satisfies it. In addition, differentiating the second equation in (2.16) 
with respect to X-, we obtain 



d-d+{iA) = e-'P {Ae^'^ - (e^« + e-'«)(4 - r/e^^^)) . 
Equations (2.13) and (2.16) were considered in [4]. 



(2.16) 
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(ii) The second set of equations involves 0:12, Q!2i, ^22, 7i2 and 721 which satisfy 



712 = 



Cue 2^', 



721 = -Ci2e2^, 



and 



a2i = 


-oi2e 2^, a-12 = oi2e2^, 




a_|_a!i2 — 






9+0:21 = 


i5+p«2i - ^e-^(^+^)^22 + f e-i(^-^)Ai, 






|5+g/3n -f 6-^(^+^)712 -fet(--^)72„ 




d+/322 = 


-^5+(z/322 + ^et(^+^)72i + f e-i(^-«)7i2, 


(2.17) 


d-(3n = 


-^5-5/3n - f ei(-+^)a,2 - ye-t(--^)a2i, 




5-712 = 


^5_p7i2 + fe-^(-+«)/5n-ye-^(^-^)/322, 




5-721 = 


-^5-j>72i-fe^(^+^)/322 + fe^(^-^)/3n, 




5-/322 = 


^5-g^22 + y 6-^(^+^)0:21 + ye^(^-^)ai2. 


(2.18) 



We now propose the change of variables (introducing the auxiliary field A) 

= &22e-'^-^«. 

The equations involving 5- 712, 5+/322, 5-/^22 and d^a^ yields respectively, 



A solution of (in compatible with (2.17) and (2.18) is 

ai2Cl2^,(AH-i,)(^.p^^-.p^-)^ 



Jll = 



^22 



where 77 is an arbitrary constant. K is then given in the following form 



K 



-{^^^e'^^+^'i\e'P + e-^P + 77) 0126^^ + ^Cisc-t 



-ai2e-2f - 2^e2f 



A2' 

622 p-i(A+ig) 



(2.19) 



id+p = 


7 (e-^^-^^622 


-e^^Ai), 


(2.20) 


i5-(A + g) = 


2 622 




(2.21) 


i5+A = 


"T- C12 giA+iq/gip 

2 622 




(2.22) 


i5-p = 


^ tu -A 
2.J'-^ 


^''/^ii). 


(2.23) 



(2.24) 



(2.25) 



In the limit C12 = with large real constants iA, rj and small 622 satisfying 

h,e-'^ = B, -^e^A ^ 0^ -^e'^ry = (2.26) 
O22 O22 

where S is a constant, we recover the structure of type I Backlund transformations, 

d+p — m- — sin(g), d-q — —n^"-^ sin(p). (2.27) 
Notice that (2.27) can be obtained from (2.13) by exchanging — >■ —'^2- 

3 The Tzitzeica-Bullough-Dodd model 

The Tzitzeica-BuUough-Dodd model is given by the field equation 

= -e"^ + e-'^. (3.1) 
This can be derived from the zero curvature condition or Lax-Zakharov-Shabat equation, 

- + A_] = 0, (3.2) 

where A± are given by [12]: 

/ -iAe<^ \ / -\\ 

A+=\ -i\e^\, A_=\ -{ , (3.3) 

\ Ae-^-^ / \ Q -{ 8-4) I 

with A being the spectral parameter. Now, by redefining v — e'^ [13], the field equation (3.1) 
becomes: 

d+d-v^— v^ + -. (3.4) 

V V 

Let us now assume the form for the matrix K (1.2), following ref. [13] as follows, 

^ = «+i^+^5 + ^7, (3.5) 

where a, (3,6 and 7 are 3x3 matrices. Equation (1.2) decomposes into three independent 
systems of equations. We will consider the one involving variables {an, q;22, CK33, /32i, /532, 
S23, (^31, 7ii, 722, 733} such that 



K 



13 



\j321 Q!22 + X3 722 jl52Z \ ■ (3.6) 

^^31 X'^32 Q;33 + p-733 
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Equations (1.2) with K given above are satisfied for 



7ii = 722 = 733 = 2^ = const, 



ail 



V2 



Vl 



a, 



«22 = C = const, 0:33 = ^ 



V2 a 



Introducing new variables 



-'21 



Y _aY 

Vl ' 



tfie matrix K given in (3.6) leads to 



K 



7^ 



qY^ \-2 



The fields a and Y satisfy the following equations 



V2 



Ld_,Y-^d^V2 + £^{a + a+i£-,-0, 

0, 



av2Y y 'Sy 2v2^ 

^ + z^(i-l) =0, 

V2 ^ \a I ' 



which were written in [13]. We now define the functions 



a = ^exp(-2g) . 



2 ' " 2 ' 
It then follows that equations (3.10) to (3.13) are given now by 



d+q 

d-q 
d+{A-p) 



-I (p + 2^ee-^Me^ + e-^)')^ 



,2A-2p 



2^ 



(3.7) 



(3.8) 



(3.9) 



(3.10) 
(3.11) 
(3.12) 
(3.13) 

(3.14) 



where Y = e^. These equations correspond to those given in [4] with A — > 
and — >■ —(f). 



(3.15) 
-X,d± d^, 
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4 Conservation laws for type II defect matrices 
4.1 The sine-Gordon model 

The conservation laws for the sine-Gordon model with defects can be derived [11] by making 
use of the equations of motion as a compatibility condition for the associated linear problem, 



a^$(a;,f;A) = U{x,t; X) <^{x,t; X), 
dt^{x,t;X) = V{x,t;X)^{x,t;X), 



where the Lax pair is taken in the following form 

and we have defined the following fields, 



U 



V 



(4.1) 



(4.2) 



q{X) = -■^{Xe'f - X-'e-n r(A) = ^^(Ae-^ - A'^e^), 
A{X) = -^(Ae^+A-V^), i?(A) = ^(Ae-^ + A-^e^). 

Prom the linear system (4.1), we can derive two conservation equations. 



dt (r^ + '-{dtip)) = (b^ + Ud,^)) , 



(4.3) 
(4.4) 

(4.5) 
(4.6) 



where we have introduced the auxiliary functions T = $2^1^ and ^ = $i$2^- These 
functions satisfy a set of Ricatti equations, 

d,r = r+'-idt^)r-qr'', (4.7) 

d.^ = q-'-{dtip)^-r^\ (4.8) 

Firstly, let us consider the equation (4.7) to solve F. Hence, expanding F as A — )■ oo 



T = T — 
^ A"' 



n=0 



we get. 



Fo = 2 , 



Fi = {dt(p + d^ip)e 2, 

m 



(4.9) 



(4.10) 
(4.11) 
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e 2 1 








2 




— e 


K- 


im 





2m^ 



(4.12) 



2 z 

—dl{dtip + 5^<y?) H r(9t(y? + d^ip){d^dt(p + dl^p) 



+ cos ^{d^ip) + + a,v^)e-*^ ) . (4.13) 



2 

Thus, we have a first infinite set of conserved quantities generated from 

I^J^dx (^qV - '-{dtcp)y (4.14) 
Now, if we consider the expansion of F as A ^ 0, 

oo 

r = ^ f,A", (4.15) 

n=0 

we obtain the foUowing coefficients, 

fo = ie^, r, ^ -(dtip-d,^)e^, (4.16) 

m 

= (-^d^{dt'f-d^(p) + ^^{dt'f-d^ipf -sinif^ (4.17) 



fs = — e^M ^dlidtif - d.ip) + —{dtif - d,ip){d,dtip - dlif) 



- cos ip{d,^) + ^(^iv? - d,^)e-'^^ . (4.18) 

Now, let us consider the Ricatti equation (4.8) to solve for v]/. Clearly, using the same 

scheme we can obtain the first few coefficients for the auxiliary function. The results are 
listed below, 

= ie^, ^1 ^ --{dtip + d,ip)e^, (4.19) 

m 

*2 = e^(-^dMip + d,^) + ^{dtip + d,ipy-smip], (4.20) 



*3 = -—ei^{^dl{dtip + d,^) + ^{dt^ + d,ip){d,dt^ + dl^) 



and 



-cos^(4(^) - ]^{dtip + d,^)e^ ) , (4.21) 



^0 = ^e-^, ^1 = -(at(^-a^^)e-^, (4.22) 



*2 = e-^ ( ^a,(9i¥^-a,<^) + — ^(5i(/?-a,99)^ + sin<^ ) , (4.23) 



2 ^ _ ^ . i 



2m? 



/ 2 



*3 = —e-^'^[—di{dtip-d,^) + —{dtip-d,ip){d,dt^-dl^) 



+ cos(p{d^ip) - -{dt(p - d^if)e 



(4.24) 



Therefore, 



I = 



dx [ -(^iv?) + r^' ) , 



(4.25) 



generates an infinite number of conservation laws. 

Now, we will discuss how the presence of internal boundary conditions, or more common- 
ly called jump defects, modify the conserved charges of the sine-Gordon model using the Lax 
pair approach. First, let us place a defect at x = 0, and consider the generating functional 
of infinite charges given by (4.14) in the presence of a defect as follows. 



-f 

J — t 



dx 



dx 



(4.26) 



and taking the time-derivative, we have 



dl 
'di 



x=0 



A2r[ip2]--id,ip2) 



x=0 



dl 



D 



dt 



, (4.27) 



where [11], 



Id 



In 



Kn + Ki2rbi] 



x=0 



Now, following the same procedure for the generating function (4.25), one gets 



(4.28) 



dl 
'dt 



x=0 



dl 



D 



x=0 



dt 



, (4.29) 



where 



I 



D 



In 



i^21^bl] + K22 



x=0 



(4.30) 



Now, taking into account the type II defect matrix K in (2.14) and using the formulas 
(4.28) and (4.30) to compute the respective defect contributions to the modified conserved 
quantities for this case, we obtain the following results. 



Ud)_i 



2a 



la 



-iq 



(Id)-i = e 

(7 



.^pi(p-A) 



(Id)+i = 2iae 



-iA 



V), (4.31) 
(4.32) 
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The corresponding type II defect energy and momentum for the sine-Gordon model can be 
written as, 

Ed = im - (Id)-i - (/d)+i + (iD)+i) 

^ _!!i(4e^(p-A)+ e-^(P-^)(e^« + e-^^ + ?7))-— (4 e-^^ + e^^(e'« + 6-^^ + 7/)) , 
2(T 2 



Pd = im{{lD)-l-{lD)-l + {iD)+l-{lD)+l) 



2(j 2 

(4.33) 

Notice that (/d)_i — (Id)-i and (/d)+i — (loj+i corresponds respectively to the quantities 
/ and —g of ref . [4] . 

Taking into account the type II defect matrix K in (2.25) and using (4.30) and (4.32) we 
obtain the following results for the modified conserved quantities 

(Id)_i = z^e^(^+^)(e^^ + e-^' + r7)--(ai^i + 5.V'i), 

(iD)+i - z^e'He'' + e-''' + fi) + -(dm-d.Vi), 
O22 Tn 

ai2 m 

(iD)+i = M-^^ + -(atv^i-a,v^i), (4.34) 
C12 m 

yielding defect energy and momentum 

Ed = im ((/z,)_i - (Ib)_i - (/b)+i + (iz,)+i) 

012 O22 C12 O22 



Pij = im{{lD)-l-{lD)-l + {iD)+l-{lD)+l)) 



0-12 O22 C12 622 

(4.35) 

Notice that (4.33) and (4.35) reflect the symmetry Lp2 — ^ —'^2 already pointed out with 
respect to eqs. (2.27) and (2.12). 



4.2 The Tzitzeica-BuUough-Dodd Model 

For this model, the matrices U and V, are conveniently written as. 





r id-v) 

2v 


iXv 
2 


1 

2A 




r (d-v) 

2v 


2 


1 

2A 


u = 


i 

2\ 





i\v 
2 


V = 


i 

2\ 





iXv 
2 




2 ^ 


i 

2\ 


{d-v) 
2v J 




2 ^ 


i 

2X 


(d-v) 
2v 



(4.36) 
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In terms of these, we can write down the set of hnear differential equations (4.1) as, 

= -(2j5)*'+(2k)*-(|^)*3. (4.39) 

and 

= (4.42) 

Now, by defining the auxihary functions = $2^r^ — ^3^i^j 'we can construct 

an infinite set of conservation laws from the equations (4.37) and (4.40) as follows, 

- (^) - ^^.3) ^ - m ^^-3) , (4.43) 

where the auxiliary functions satisfy the following coupled Ricatti equations for the x-part, 

5.r,2 = (^) + (^) (r,3 - (r,2)^) - ^ (^ - r,2r,3) , (4.44) 
a.ri3 = (^)ri3-^(^^ + i^ri2ri3^ -i-(^^l2-(^l3)'), (4.45) 

and for the t-part, 

dtT,2 = -^ri2 + ^(ri3-(ri2)') + ^(^- Tigris), (4.46) 
= -^ri3-^f4 + ^^ri2ri3V^(^ri2-(ri3)'). (4.47) 

Now, as usual these differential equations can be recursively solved by considering an expan- 
sion in non-positive powers of A, 

PC T^(n) oo j^(ri) 

n=0 n=0 
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The lowest coefficients are simply given by, 



.(0) 
12 

.(1) 
12 



r(2) _ 

^12 — 



r(2) 

^ 13 



i(liv) \ 



r(o) 
r 



-2 



13 

(1) 



13 



(4.49) 

(4.50) 

(4.51) 
(4.52) 



where is an arbitrary constant satisfying /x^ ~ —1. Assuming sufficiently smooth decaying 
fields as \x\ — > ±oo , the corresponding conserved quantities reads 



dx 



{d_v) ^iXv 1 ■ 



(4.53) 



By substituting the expansion of the auxiliary functions into above definition, we get an infi- 
nite number of conserved charges It is very easy to check that the conserved quantities 
corresponding to = 1 is trivial, and for /c = we obtain a topological term. The first 
non- vanishing conserved charge is explicitly given by. 



(-1) 



dx 



(4.54) 



where without loss of generality, we have chosen ji — —1. Then, repeating this procedure 
we can construct another set of conserved quantities corresponding to the expansion of the 
auxiliary functions in non-negative powers of A, namely. 



12 



n=0 



n=0 



From the Ricatti equations we get. 



f(o) 

^ 12 

f(l) 
^ 12 



f(2) 
^ 12 



.(2) 
13 



0, 

2i 
"3 



f(o) 

^ 13 



f« = -{d.v)v-\ 



(4.55) 



(4.56) 
(4.57) 

(4.58) 
(4.59) 



Prom these results and chosing — —1, the first non- vanishing conserved charge is given by 



f(+i) 
-'i 



dx 



l{{d_v)v-^f+ [v + ^v 



(4.60) 



Then, we clearly can combine l[ and in order to obtain the usual energy and momen- 
tum quantities. However, it is not enough because we are not considering all the information 
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coming from the Lax pair. So, it is also possible to construct another infinite sets of con- 
served quantities by considering two more conservation equations that can be derived from 
the equations (4.38), (4.39), (4.41) and (4.42), namely. 



2A 
2^ 



23 



2A 



Fai - I 1 T: 



2A 



32 



d-v 



(4.61) 



A ) r3i + ( ) 1(4.62) 



2v^ 



2A 



where we have introduced some other auxiliary functions = $i$2 > -^23 = $3^2 
$i$3 \ and r32 = $2^3 ^- It is quite straightforward that these functions satisfy a set of 
Ricatti equations that can be written for the x-part as follows. 



iXv 
i 

2A 
1 

2A 

i\v 
2 

and for the t-part, 

= 

^A^' 



5_f 



r2i - I I r 



^1^21 + 

d-v 



2v 



2A 

d-v 

iXv 



23 



^ ) (r2ir23) + ( ^ ) (^2l)^ (4.63) 



r23 + ( ^ ) (r2ir23; 



rsi + Fas + 



2A '^^^ 



2 



ix) (r-r32) + 

A 



2A 

iXv 
2 

2t;2 y 



^ ) (^23)^ (4.64) 



(^3l)^ (4.65) 



+ 



r2i- 
r3i + 

dtrs2 = ( ^ 1 + ( ^ 1 r3i + 



d-v 



f 1 



V2A 



2v^ 



iXv 



r32 + Ut^ (r3ir32) + Ur (r32)^ (4.66) 



2A 



r2i + Ut r23 - (r2ir23) - Ur (r2i) 



23 



v.. - ( ^\ 
2X 



2 

d-v 
~2^ 



2X 

^j(r2ir23)-(^)(r23) 
(r3ir32) + ( ^ ) ir,,r 



X 



2v^ 



r32 + hr^ (raiFss) - Ur (r32) 



2A 



(4.67) 
(4.68) 
(4.69) 
(4.70) 



As was already shown, these equations can be recursively solved by introducing an expan- 
sion of the respective auxiliary functions in positive and/or negative powers of the spectral 
parameter A. Doing so, after a lengthy calculation the first few coefficients for these auxiliary 
functions can be determined, and the results are shown in tables 1 and 2. 

Now, from equations (4.61) and (4.62) we obtain directly the following two generating 
functions of the conserved quantities. 



^2(A) 

/3(A) 



00 

00 



dx 



2X 
~2^ 



ivX 



23 



X^ 
2^ 



r3i - I 1 r 



2A 



32 



(4.71) 

(4.72) 
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f^) = / 


t^S = ' 


ri? = -v^ 


r£) = 


f(? = -1 


f (0) _ • 
^ 32 ~ ' 




rg = 


= 


fg = -i{d^v)v-' 


r« = {d^v)v 


r« = 







Table 1: The zero-th and first order coefficients. 



r(2) 

^ 21 




v) (d+v) + \ {v-^ - 


r(2) 

^ 23 




{d.v) {d+v) + i {v-^ - 1)] 


f(2) 
J- 21 




{d_v) (d+v) - \ (^-2 - v)] 


f{2) 
^ 23 




^ 31 


^-l[d^{d^v)v + \{d. 


.v) (d^v) + 1(1- v')] 


r(2) 

^ 32 




.v) (d+v) + i (1 - v^)] 



Table 2: Second-order coefficients. 
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Then, by substituting the respective expansion of each auxihary function and using the coe- 
fficients showed in tables 1 and 2, we immediately get the first few non- vanishing conserved 
quantities, which are explicitly given by. 



r(-i) 



f(+i) 



dx 



oo 
oo 



1 



dx 



-l\2 



2 

+ I w + ^f" 



(4.73) 
(4.74) 



Prom the above results, we can notice that there is a simple combination of all these contri- 
butions giving us the usual energy and momentum conserved quantities. In fact, if we define 
the following conseved quantities. 



dx 



f(+i) , f(+i) , f(+i) 

-'l "T -'2 "T -'3 



-oo 

oc 



dx 



(4.75) 
(4.76) 



the conserved energy and momentum can be written as 



E 



+ i(+i)) 



■2<f> 



_ i(+i)) 



J — t 



dx 



(dxv) (dtv) 



f 

J — c 



dx {dx(f)) {dt(p) . 



(4.77) 



(4.78) 



Then, it shows that given a Lax pair for the Tzitzeica-BuUough-Dodd model we can construct 
an infinite set of conserved charges by using all the information coming from the associated 
linear problem. 

Now, we will compute the modified conserved charges coming from the defect contribu- 
tions for the Tzitzcica-Bullough-Dodd model using the Lax pair approach. Then, considering 
the defect placed at a; = 0, the set of infinite charges given by (4.53) in the presence of a 
defect reads. 



Xi(A) 



dx 



oo 
oo 



dx 



^ + ^r,,(.o^^r,3(.i) 
-^ + ^r,.(..)--r,3(.2) 



(4.79) 



differentiating with respect to time, we get 



dlijX) 
dt 



^ + ^r,,(.o + ^r,3(.i) 

{d_V2) iXv2 . . 1 , ■ 

^ + ^r,,(.,) + -r,3(.,) 



x=0 



x=0 



(4.80) 
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Then, using the associated hnear system we obtain the following relation between the aux- 
iliary functions of each side, 



ri3(^^2) 



K21 + K22Ti2{Vl) + K23Ti3{vi) 



(4.81) 



Now, from the partial differential equations satisfied by K and the two Ricatti equations 
(4.46) and (4.47), we finally get that 



dIi{X) 
dt 



d 
~dt 



In (/Tn + i^i2ri2(^;i) + i^i3ri3(^;i)) 



(4.82) 



Then, we have that the modified conserved quantities derived from this conservation equation 
(4.43) is Xi(A) +Xdi(A), where 



Xd,{\) = In i^n + K^2Ti2{vi) + i^i3ri3(^^i) 



x=0 



(4.83) 



Prom the above formula we can derive two different sets of defect contribution by considering 
the expansion of the auxiliary functions in positive and negative powers of A. In particular 
for the A^^-terms, we obtain 



(-1) 



(4.84) 



As we now know, to obtain the exact form of the corresponding defect contributions to the 
energy and momentum, we need to consider the others conservation equations and conse- 
quently the other charges given in (4.71) and (4.72). Applying the same steps to derive the 
defect contributions, one gets 



In 
In 



-ft'2ir2l(^^l) + i^22 + ^23r23(^^l) 
-f^3ir3l(^^l) + ^32r32(^^l) + K33 



x=0 



x=0 



From these, we find that the first non- vanishing terms are given explicitly by. 



t(+i) 



_1 2{A-p) 



Now, defining by analogy the following two conserved quantities. 



f(+i) 



Di ^ -^D2 ^ -^D3 
f (-1) , 7-(-^ -L. f(-^) 



(4.85) 
(4.86) 

(4.87) 
(4.88) 

(4.89) 
(4.90) 
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we can write down the defect energy and momentum as follows, 




+ 




4 



4 



(4.91) 



(4.92) 



These are exactly the defect energy and momentum which are obtained by using the La- 
grangian formalism. In particular, we can note that E^, corresponds to / + (/ of rcf. [4], which 
was expected (with the observations given at the end of section 2). It is interesting to em- 
phasize that for obtaining the most general form of the defect energy and momentum for the 
Tzitzeica-BuUough-Dodd model is necessary to consider all the contributions coming from 
all conservation equations and, for both expansions of every each of the auxiliary functions 
in positive and negative powers of the spectral parameter A. 



In conclusion, we have constructed the type II Backlund transformations via gauge trans- 
formations and the corresponding conserved quantities for the sine- Gordon and Tzitzeica- 
BuUough-Dodd models. This approach can be useful to study these models with such type of 
defects, in particular for issues concerning their integrability. For this purpose, as disscussed 
in [5] and [6] for the sine-Gordon and non-linear Schrodinger models, the involution of the 
Hamiltonians in the presence of type II defects needs to be clarified. 
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